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THE EISENSTEIN ELEMENTS OF MODULAR SYMBOLS FOR LEVEL 
PRODUCT OF TWO DISTINCT ODD PRIMES 


DEBARGHA BANERJEE AND SRILAKSHMI KRISHNAMOORTY 

Abstract. We explicitly write down the Eisenstein elements inside the space of modular symbols for 
Eisenstein series with integer coefficients for the congruence subgroups Eo {pq) with p and q distinct odd 
primes, giving an answer to a question of Merel in these cases. We also compute the winding elements 
explicitly for these congruence subgroups. Our results are explicit versions of the Manin-Drinfeld 
Theorem [Thm.|9]. 


1. Introduction 


In his landmark paper on Eisenstein ideals, Mazur studied torsion points of elliptic curves over Q and 
gave a list of possible torsion subgroups of elliptic curves [cf. Thm. 8, Q]. In 141, Merel wrote down 
modular symbols for the congruence subgroups ro(p) for any odd prime p that correspond to differential 
forms of third kind on the modular curves. He then use these modular symbols to give an uniform upper 
bound of the torsion points of elliptic curves over any number fields in terms of extension degrees of 
these number fields 13 1. The explicit expressions of winding elements for prime level of [i2 | are bei ng 
used by Calegari and Emerton to study the ramifications of Hecke algebras at the Eisenstein primes [3| . 
Several authors afterwards studied the torsion points of elliptic curves over number fields using modular 
symbols. 

In the present paper, we study elements of relative homology groups of the modular curve XQ{pq) 
that correspond to differential forms of third kind with p and q distinct odd primes. As a consequence, 
we give an “effective” proof of the Manin-Drinfeld theorem [Thm. [9] for the special case of the image 
in Hi(Ao(pg),M) of the path in Ri{Xo{pq),d{Xo{pq)),'Z) joining 0 and ioo. Since the algebraic part of 
the special values of L-function are obtained by integrating differential forms on these modular symbols, 
our explicit expression of the winding elements should be useful to understand the algebraic parts of 
the special values at 1 of the L-functions of the quotient Jacobian of modular curves for the congruence 
subgroup To{pq) [H. 

For N G {p,q,pq}, consider the basis of E 2 {TQ{pq)) [§0] for which all the Fourier coefficients at 
ioo belong to Z. The meromorphic differential forms Eiq(z)dz are of third kind on the Riemann surface 
Xolpq) but of first kind on the non-compact Riemann surface Yo(j)q). 

Let ^ : SL2(Z) —^ Hi(Ao(pg),cusps,Z) be the Manin map [§ [5]. For any two coprime integers u 
and V with v > 1, let S{u,v) G Z be the Dedekind sum [cf 14.Ij . If 5 G F^{7j/pqZ) is not of the form 
(±1,1), (±1 ± fca;, I) or (I, ±I ± kx) with x one of the prime p or q, then we can write it as (r — 1, r -I- I). 
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Let 5r be 1 or 0 depending on r is odd or even. For any integer k, let Sfc = (fc + {Sk — 1)P9) be 
an odd integer. Choose integers s,s' and 1,1' such that l{skX + 2) — 2spq = 1 and I'skX — 2s'^ = 1. 
Let = (_4]',t+2)pg I+Aspg) and 72 matrices [cf. Lemma [2H]. For 
I = 1,2, consider the integers 


P»(7r‘) = .9n(((7r'‘))[2(S(»(7r*), |t(7f''‘)|A') - S(.(7r‘). |t(7r‘)l)) 

sw7r7M^«,7sw7rb.^)i 


with 


and 


5 ( 71 ’^) = 1 - 4spg(l + Skx), = -2{l - 2s{skX + 2)pq) 


x,k\ 


5(72’^) = 1 - 4s'pg(sfc - -),i(72’^) = -2(^' - 2s’skpq). 


x,k\ 


Define the function '■ F^{'Zi/pq’Z) —>■ Z by 


PN{g) = < 


2(S'(r, N) - 2Sir, 2N)) if 5 = (r - 1, r + 1), 

Pn{1i’^) - Pn{i 2 ''') if 5 = (1 + kx, 1 ) or 5 = (-1 - kx, 1 ), 
-PNinl’^) + Pn{ 12 ^) if g = (1,1 + kx) or g= (1,-1 - kx), 
0 if <7 = (±1,1). 


Theorem 1. The modular symbol 

= X! PENig)^ig) 

gGPi(Z/pgZ) 

in }li{Xo{pq),d{XQ{pq),'Ii) is the Eisenstein element corresponding to the Eisenstein series € 

E2i^oipq))- 

In [^ , a description is given of Eisenstein elements in terms of certain integrals for M = p^. In this 
article, we give an explicit description in terms of two matrices and 72 Let Bi : K —>■ R be the 
periodic first Bernoulli polynomial. For the Eisenstein series Epq [§ [4] , we write down the Eisenstein 
elements more explicitly if g = (r — 1, r ± 1). Replacing p with pq [Lemma 4, 1^], we write 

P9-1 7 

Fp,((r-l,r±l)) = 

h^O 

Recall the concept of the winding elements [§ EZ]. We write down the explicit expression of the winding 
elements for the congruence subgroup ro(p( 7 ). 


Corollary 2. 


{l-pq)epg= ^ Fpq((l,a;)){0,-}. 
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Note that if u = gcd{pq — 1,12) and n = , then a multiple of winding element ncpq belongs 

to Hi(Xo(pg),Z). Manin-Drinfeld proved that the modular symbol {0,oo} G Hi(Xo(-/V),Q) using the 
theory of suitable Hecke operators acting on modular curve Xo{N)/Q. In this paper, we follow the 
approach of Merel [cf. [l^, Prop. 11]. Our explicit expression of winding element should be useful to 
understand the algebraic part of the special values of L-functions [cf. Q , p. 26]. 

Since Hecke operators are defined over Q, there is a possibility that we can find the Eisenstein 
elements for the congruence subgroups of odd level in a completely different method without using 
boundary computations. It is tempting to remark that our method should generalize to the congruence 
subgroup ro(iV) atleast if N is squarefree and odd. Unfortunately, generalizing our method is equivalent 
to explicit understanding of boundary homologies of modular curves defined over rationals. For instance, 
if = pqr with Pjq^r three distinct primes then there are 8 cusps. Since in these cases, there are more 
cusps the computations of boundaries become much more tedious. One of the author wish to tackle the 
difficulty using the “level” of the cusps in a future article. 
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suggestions of Professor Loi'c Merel. We would like to thank IMSc, Chennai for providing excellent 
working conditions. The second author would like to thank MPIM, Germany for the great hospitality 
during her visit. She was supported by a DST-INSPIRE grant. We wish to thank the anonymous referee 
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3. Modular Symbols 

Let ]HIUP^(Q) = H and P C SL 2 (Z) be a congruence subgroup. The topological space Air(C) = r\]Hl 
has a natural structure of a smooth compact Riemann surface and consider the usual projection map 
TT : HI —^ Ar(C). Recall, the map tt is unramified outside the elliptic points and the set of cusps i9(Ar). 
Both these sets are finite. 


3.1. The rational structure of the curve Xo{N) defined over rational. There is a smooth pro¬ 
jective curve Xq{N) defined over Q for which the space ro(Af)\H is canonically identified with the set 
of C-points of the projective curve Xq{N). We are interested to understand the Q-structure of the 
compactified modular curve Ao(Af). 


3.2. Classical modular symbols. Recall the following fundamental theorem of Manin 


Theorem 3. For a G H, consider the map c : P —>■ Hi(Ao(A^),Z) defined by 

c(5) = {a^ga}- 

The map c is a surjective group homomorphism which does not depend on the choice of point a. The 
kernel of this homomorphism is generated by 

(1) the commutator, 

(2) the elliptic elements, 
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(3) the parabolic elements 
of the congruence subgroup F. 

In particular, the above theorem implies that {a, go] = 0 for all a G IP^(Q) and g £ F. 

3.3. The Manin map. Let T, S be the matrices (oi);(iV) ^ ~ matrix ('j* . The 

modular group SL 2 (Z) is generated by S and T. 

Theorem 4 (Manin). Let 

f : SL 2 (Z) RiiXoipq), d{Xoipq)),I.) 

be the map that takes a matrix g G SL 2 (Z) to the class in Hi(Xo(pg),9(Xo(pg)),Z) of the image in 
Xo^pq) of the geodesic m H U P^(Q) joining g.O and g.oo. 

• The map f is surjective. 

• For all g G Fo(p( 3 ')\SL 2 (Z), f{g) + f_{gS) = 0 and f{g) + f{gR) + f{gR^) = 0. 

We have a short exact sequence, 

0 ^ Hi(Xo(p(z),Z) ^ Hi(Xo(pg),5(Xo(p(z)),Z) ^ A Z ^ 0. 

The first map is a canonical injection. The boundary map 5' takes a geodesic, joining the cusps r and s 
to the formal symbol [r] — [s] and the third map is the sum of the coefficients. 

3.4. Relative homology group Hi(Xo(pq) — i?U /, 9(Xo(pg)), Z). Consider the points i = and 

P ~ ^^' 2 ^ complex upper half plane with z/ the geodesic joining i and p. These are the elliptic 

points on the Riemann surface X^ipq). The projection map tt is unramified outside cusps and elliptic 
points. 

Say R = 7 r(SL 2 (Z)p) and I = 7 r(SL 2 (Z)i) be the image of these two sets in X[){j)q). These two sets 
are disjoint. Consider now the relative homology group Hi(yo(M))^ U /,Z). For g G SL 2 (Z), let [ 5 ], 
be the class of Tr{gv) in the relative homology group lli{Yo{pq), RU /, Z). Let p* = —p be another 
point on the boundary of the fundamental domain. The homology groups Hi(yo(p( 7 ), Z) ^re subgroups 
of Hi(yo(w),.RCl/, Z). Suppose S El be such that |zo| = 1 and ^ < Re{zo) < 1. Let 7 be the union 
of the geodesic in H U P^(Q) joining 0 and zq and zq and ioo. For g G Fo(p( 7 )\SL 2 (Z), let [g]* be the 
class of n{gj) in L{i{XQ{pq) — RU I,d{Xo{pq)),Z). 

We have an intersection pairing 

O : BiiXoipq) -RU I, d{Xo{pq)), Z) X UiiYoipq), RU I, Z)^Z. 

Recall the following results of Merel [Prop. 1, Cor. 1, [l^]. 

Proposition 5. flJl For g,h G Fo(pg)\SL 2 (Z), we have 

[ 5 ]* o [h]* = 1 

if^o{pq)g = ^o(,Pq)h and 

[5]* o W* = 0 

otherwise. 



THE EISENSTEIN ELEMENTS OF MODULAR SYMBOLS FOR LEVEL PRODUCT OF TWO DISTINCT ODD PRIMES 


Corollary 6. The homomorphism of groups —>■ lli(YQ{pq), RU I ,Z) induced by the map 

^oC^Tgg) 

g g 

is an isomorphism. 

The following important property [Cor. 3, [l^ ] of the intersection pairing will be used later. 


Corollary 7. For g G ro(pg)\SL 2 (Z), let G he such that Ph[h\* is the image 

of an element of Hi (lb (pq ), Z) under the canonical injection. We have 

[5]* o C^t^hih]*) = fig. 

h 


We have a short exact sequence, 

0^Hi(Xo(p<7)-i?U/,Z) ^Hi(Xo(pg)-i?U/,a(Xo(pg)),Z) 4 Z ^ 0. 

The boundary map 6 takes a geodesic, joining the cusps r and s to the formal symbol [r] — [s]. Note 
that 5'{£,{g)) = i5([5]*) for all g G SL 2 (Z). 


Recall, we have a canonical bijection ro(pg)\SL 2 (Z) 

ak, (dr and 'js are the matrices (ij}), (~p^ rp-i ) ( 

the elements of P^(Z/pqZ) as a set 


= P^(Z/pqZ) given by 


(c,d). Say 


-1 -s 
q sq 


"^i) respectively. We explicitly write down 


{(1, fc), (1, tp), (1, t'q), {p, q), {q,p), (tp, 1), (t'q, 1), (1, 0), (0,1)} 


with k G {Z/pqZ)*,t G {Z/qZ)*,t' G (Z/pZ)* . Observe that {p,q) = {tp,q) = {p,t'q) for all t and t' co 
prime to pq. 


Lemma 8. The set id = {I,ak, l3r,Js\Q If k < pq— 1,0 < r < {p— 1),0 < s < {q— 1)} forms a complete 
set of coset representatives 0 /ro(pq)\SL 2 (Z). 

Proof. The orbits To{pq)ak, To{pq)/3i and To{pq)^rn, are disjoint since ab~^ do not belong to To{pq) for 
two distinct matrices a, b from the set 12. There are 1+pq+p+q = \F^{Z/pqZ) \ coset representatives. □ 

We list different rational numbers of the form a(0) and a(oo) with a G C as equivalence classes of 
cusps as follows: 


0 

1 

P 

1 _ 

Q 

ilp-l,q) = 1 

(fc,p) > 1 

{k,q) > 1 


ma-lArnq l,p)>l 

1 ^, {lp-l,q) > 1 


3.5. Manin-Drinfeld theorem. Following [7|, we briefly recall the statement of the Manin-Drinfeld 
theorem. 

Theorem 9 ( Manin-Drinfeld). For a congruence subgroup T and any two cusps a, jd in P^(Q), the 
path 

{a,/3}GHi(Xr,Q). 
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This theorem can be reformulated in terms of divisor classes on the Riemann surface. 


Theorem 10. Let a = 'Y^^rriiPi be a divisor of degree zero on X. Then a is a divisor of a rational 
function if and only if there exist a cycle a G Hi(Xr,Z) such that 



for every uj € H°(Xr, Llx^)- 


As a corollary, we notice that {x,y} £ Hi(Xr,Q) if and if there is a positive integer m such that 
m(7rr(cc) — 7rr(y)) is a divisor of a function. In other words, the degree zero divisors supported on the 
cusps are of finite order in the divisor class group. Manin-Drinfeld proved it using the extended action 
of the usual Hecke operators. In particular, it says that {0, 00 } G Hi(Arr,Q) although 0 and 00 are 
two inequivalent cusps of Xp. In [l7|, Ogg constructed certain modular function XQ{pq) whose divisors 
coincide with degree zero divisors on the modular curves. 


4. EiSENSTEIN SERIES FOR To{pq) WITH INTEGER COEFFICIENTS 
Let CTi(n) denote the sum of the positive divisors of n. We consider the series 

E'(z) = l-24(^ai(n)e2"™^). 

n 

Let A be the Ramanujan’s cusp form of weight 12. For all N gN, the function z —>■ is a function 

on H invariant under ro(A). The logarithmic differential of this function is 2'KiEx{z)dz and is a 
classical holomorphic modular form of weight two for ro(A) with constant term N —1. The differential 
form Eiy{z)dz is a differential form of third kind on Xo{N). The periods [? I4.1| of these differential forms 
are in Z. 

By [01, Thm. 4.6.2], the set Epq = {Ep,Eq,Epq} is a basis of E 2 {To{pq)). 


Lemma 11. The cusps 9(Ao(pq)) can he identified with the set {0,oo, i, i}. 


Proof. If - and ^ are in 


then Toipq)^ = To{pq)^ 


ay 

c 


■jc 


c'y 


(mod pq), for 


some j and y such that gcd{y,pq) = 1 [cf. [5|, p. 99]. A small check shows that the orbits ro(pg)0, 


To{pq)oo, To{pq)^ and Toipq)^ are disjoint. □ 

Let Div°(Ao(p( 7 ), d{Xo{pq)), Z) be the group of degree zero divisors supported on cusps. For all cusps 
X, let ero(pq){x) denote the ramification index of x over SL 2 (Z)\]HI U P^(Q) and 


^Xo(pq)i^) 6rQ(pg)(a;)ao(£'[a;]). 


By [[ISj, p. 23], there is a canonical isomorphism d : E 2 (ro(pq)) 
takes the Eisenstein series E to the divisor 


Div°(Xo(pq),d(Xo(pq)),Z) that 


(4.1) 


^(^) = rrq(pq)(x)[x]. 

^ero(pq)\PHQ) 
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Hence, the Eisenstein element is related to the Eisenstein series by the boundary map. In Prop. we 

prove that the boundary of Eisenstein element is indeed the boundary of Eisenstein series. By | , p. 
538], we see that 




1 if a; = oo 
pq if a: = 0 . 


if a; = oo 


Since ero(pq) (a;)ao(E[x]) = 0, we write the corresponding degree zero divisor as 

x£d(Xo(pq)) 


6{E) = ao(E)({oo} - {0}) + qaoiE[-M-} - {0}) + pao(E;[-])({i} - {0}). 

p p q q 


4.1. Period Homomorphisms. We now define the period homomorphisms for the differential forms 
of third kind. 

Definition 12 (Period homomorphism). For En G Ep^, the differential forms E]sf{z)dz are of third 


kind on the Riemann surface Xo^pq) but of first kind on the non-compact Riemann surface Yo(N). For 


any zg G and 7 S ro(pg), let 0(7) be the class in Hi(y'o(w))^) of the image in YQ{pq) of the geodesic 
in H joining zg and "/{zq). That the class is non-zero follows from Thm. [3| This class is independent 
of the choice of zg G H and let 7rE„(7) = EN{z)dz. The map tt^;^ : To{pq) — >• Z is the “period” 
homomorphism oi Ej^. 

Let Bi{x) be the first Bernoulli’s polynomial of period 1 defined by 



if a; G (0,1). For any two integers u and v with v >\, we define the Dedekind sum by the formula: 


'll— 1 



Recall some well-known properties of the period mapping tte^ [cf- tio|, p. 10 , [14 , p. 14] for the Eisenstein 
series En G Ep,j. 

Proposition 13. Let 7 = (“ ]]) he an element ofTo{pq). 

(1) ttek is a homomorphism Vo{pq) — >■ Z. 

(2) Consider the number p, = gcd{N — 1,12), the image of een ^i^s in pL. 


( 3 ) 



( 4 ) 


= t)) 
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5. Eisenstein elements 




Following M and [ll|, recall the concept of Eisenstein elements of the space of modular symbols. For 
any natural number M > 4, the congruence subgroup ro(M) is the subgroup of SL 2 (Z) consisting of all 
matrices (“ ^) such that M \ c. The congruence subgroup Fo(M) acts on the upper half plane H in the 
usual way. The quotient space Fo(M)\]HI is denoted by Yq{M). Apriori, these are all Riemann surfaces 
and hence algebraic curves defined over C. There are models of these algebraic curve defined over Q and 
they parametrize elliptic curves with cyclic subgroups of order M. Let Xq{M) be the compactification 
of the Riemann surface Yo{M) obtained by adjoining the set of cusps d{Xo{M)) = ro(M)\P^(Q). 


Definition 14 (Eisenstein elements). Let TTEf^ ■ ili(Yo(pq),Z) —>■ Z be the “period” homomorphism of 


En [S 14.1| . The intersection pairing o ]j| induces a perfect, bilinear pairing 


lli{Xo{pq),d{Xo{pq),Z) X Hi(Fo(m),Z) Z. 


Since o is a non-degenerate bilinear pairing, there is an unique element Se:, e liiiXo{pq),d{XQ{pq)),Z) 
such that o c = EEf^ic). The modular symbol £en is the Eisenstein element corresponding to the 
Eisenstein series 


We intersect with the congruence subgroup F(2) to ensure that the Manin maps become bijective 
(rather than only surjective), compute the Eisenstein elements for these modular curves, calculate the 
boundary and show that the these boundaries coincide with the original Eisenstein elements. In the case 
of ro(p^), although it is difficult to find the Fourier expansion of modular forms at different cusp but 
fortunately for all g G ro(p) the matrices g ( J j) g~^ belong to ro(p^) and hence it was easier to tackle 
the explicit coset representatives. Unfortunately, for N = pq or N = p^ these are no longer true. 

To get around this problem for the congruence subgroup TQ{pq) withp and q distinct primes, we use the 
relative homology group lli{Xo{pq),RUl, Z). For these relative homology groups, the associated Manin 
maps are bijective and the push forward of these Eisenstein elements inside the original modular curve 
turn out to have same boundary as the original Eisenstein elements. We consider three different homology 
groups in these paper and in particular the study of the relative homology group Hi(Ao(iV), i? U /, Z) 
to determine the Eisenstein element is a new idea that we wish to propose in this article. That these 
relative homology groups should be useful in the study of modular symbol are discovered by Merel. 

Definition 15 (Almost eisenstein elements). For N G {p,q,pq}, the differential form EN{z)dz is of first 
kind on the Riemann surface Yo{pq). Since o is a non-degenerate bilinear pairing, there is an unique 
element G }li{Xo{pq) — RUl, d{Xo{pq)),Z) such that = 7r£;„(c) for all c G Hi(To(m)i R'JI, ^)- 

We call £'^^ the almost Eisenstein element corresponding to the Eisenstein series E^i- 


6. Even Eisenstein elements 

6.1. Simply connected Riemann surface of genus zero with three marked points. Recall, 
there is only one simply connected (genus zero) compact Riemann surface up to conformal bijections: 
namely the Riemann sphere or the projective complex plane P^(C). A theorem of Belyi states that every 
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(compact, connected, non- singular) algebraic curve X has a model defined over Q if and only if it admits 
a map to P^(C) branched over three points. 

Consider the subgroup r(2) of SL 2 (Z) consisting of all matrices which are identity modulo the reduc¬ 
tion map modulo 2. The Riemann surface r(2) mod HI is a Riemann surface of genus zero, denoted by 
X(2). Hence, it can be identified with P^(C). 

The subgroup r(2) has three cusps r(2)0, r(2)l and r(2)oo. Hence, r(2)\]HI become the simply 
connected Riemann surface P^(C) with the three marked points r(2)0, r(2)l and r(2)oo given by 
respective cusps. The modular curve Xo{pq) has no obvious morphism to ^(2). Hence, we consider the 
modular curve Xr [ 116.2j . There are two obvious maps from Xr to the compact Riemann surface 

Xoipq)- 


6.2. Modular curves with bijective Manin maps. For the congruence subgroup T = ro(p( 7 ) nr(2), 
consider the compactified modular curve Xr = r\IHIUP^(Q) and let Tip : IHIUP^(Q) —>■ Xr be the 
canonical surjection. 

Let TTp : r\IHIUP^(Q) —?> r(2)\IHI U P^(Q) be the map 7 ro(r 2 ;) = r( 2 ) 2 ;. The compact Riemann surface 
X(2) contains three cusps r(2)l, r(2)0, r(2)oo. Let P_ = 7r^^(r(2)l) and P+ be the union of two sets 
7 r(("^(r( 2 ) 0 ) and 7 r(("^(r( 2 )oo). Consider now the Riemann surface Xr with boundary P+ and P_. 

Let 6r be 1 or 0 depending on r is odd or even. For any integer k, let Sk = ik + {6k — 1)m) be an odd 
integer. Say I and m be two unique integers such that Iq + mp = 1 (mod pq) with 1 < ^ < (p — 1) and 


1 < m < (g — 1). The matrices a'p^ = ( 
and 

/ _ / -1 -{s+5^pq) 

\g+PQ —i+{s+SePq)(q+pq) 


pq pq -1 

pq+l pq 


\ — ( Skipqf Skpq-l\ P,' = i -(r+5rg) 

P fc \ Sfcpij-l -1 Sfc } \P+pq -i + {r+Sr-q)(p+pq) j 




are useful to calculate the boundaries of the Eisenstein elements. 


Lemma 16. The set A = {/, a).,/?', 7 '|0 < k < {pq— 1),0 < r < {q— 1),0 < s < {p— 1)} C r(2) forms 
an explicit set of coset representatives of^^lfLjpqlf). 


Proof. An easy check shows that the orbits To{pq)a'i., To{pq)l3{. and Fo(pg) 7 ( are disjoint. Since 
\F^{Z/pqZ)\ = pq + p + q + 1, the result follows. □ 

The coset representatives in the above lemma are chosen such that TQ{pq)fir = F'o{pq)/3{. and Fo(pg) 7 s=ro(p(?) 7 '. 

Lemma 17. F\F(2) is isomorphic to P^(Z/pqZ) 

Proof. The explicit closet representatives of Lemma [16] produce the canonical bijection. □ 


We study the relative homology groups Hi (Xr — P_, P+, Z) and Hi (Xr — P+, P_, Z). The intersection 
pairing is a non-degenerate bilinear pairing o : Hi (Xr — P+, P_, Z) x Hi (Xr — P-, P+, Z) —>■ Z. Recall 
the following two fundamental theorems from Q. For g G F\F(2), let [ 5 ]° (respectively [p]o) be the 
image in Xr of the geodesic in H U P^(® joining gO and goo (respectively gl and p(—1)). Recall the 
following two fundamental theorems of |14| . 

Theorem 18 ( [3). Let 


^0 :Zr\r(2) ^Hi(Xr-P+,P-,Z) 
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be the map which takes g € r\r(2) to the element [g]o and 

^0 . ^T\T(2) Hi(Xr - P_,P+,Z) 

be the map which takes g € r\r(2) to the element [5]*^. The homomorphisms ^0 isomorphisms. 

Theorem 19 ( [3)' For g,g' G r(2), we have 

b]o o bT = 1 

ifTg = Tg' and 

b]o o bT = 0 

otherwise. 

The following two lemmas about the set P_ are true for the congruence subgroup ro(iV) with N odd. 

Lemma 20. We can explicitly write the set P- is of the form with x and y both odd. 

Proof. If possible, some element of P- is of the form F^ with x and y co-prime and y even. Consider 
the corresponding element in the marked simply connected Riemman surface -^(2). The cusp F(2)^ is 
an element such that y even and p odd (gcd(a;,y) = 1). First, choose p\q' such that xq' — yp' = 1 and 
hence £ SL2(Z). Clearly, q' is odd since y is even. If p' is odd then replace the matrix ) 

with T~^ to produce a matrix in F(2) that takes ioo to This is a contradiction to the fact that 

F^ e p_. 

V 

If X is even then the projection of F| produces an element of F(2)0. Hence, x is necessarily odd. □ 

The following lemma is deeply influenced by an important propositions of Manin [[^, Prop. 2.2] and 
Cremona [0], Prop. 2.2.3]. 

Corollary 21. We can explicitly write the set P- ={Fl,F^,Fi,Fi} 

Proof. Since P- = 7r,]'^(F(2)l), we can write every element of the set P- as F6*l for some 6 G A 
lLemma ll6|l . Let (5 G {l,p, q,pq}., then every element of P- can be written as F^ with gcd(?i, uJ) = 1 
and gcd(uJ, ^) = 1. Choose an odd integer m and an even integer I such that lu — mvS = 1. A 
calculation using matrix multiplication shows that (5) (^ = I /+^) ^ ^ 

hence A= ^ matrix such that A{^) = The matrix A belongs to F 

if and only if cv6 = V (mod ^). Since vS is coprime to there is always such c. Hence, the set P_ 
consists of four elements as in the statement of the Corollary. □ 


Let 7r,7r' : F\H 


ro(p9)\H be the maps 7r(F0) = To{pq)z and tt'{Tz) = TQ{pq)^^ respectively. 


Consider the matrix h = (J 2) ■ The morphism tt' is well-defined since the matrix h'jh ^ belongs to 
Fo(pg) for all 7 S F. The morphisms tt, tt' together induce a map 

K : C(Ar) ^ C{Xo{pq)) 


between the function fields of the Riemann surfaces Xr by K{f{z)) = Recall the description 

of the coordinate chart around a cusp Fa: [l^ of the Riemann surface Ap. 
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Definition 22. For a cusp y of the congruence subgroup F, let F^ be the subgroup of F fixing the cusp 
y. Let t G SL2(M) be such that t{y) = ioo and m be the smallest natural number such that tTyt~^ is 
generated by the matrix (q ™)- For the modular curve Xr, the local coordinate around the point Fy is 

Example 23. Let y = \ with 5 one of the prime p or q, then h[y) = j with {u,pq) = 1. Choose 
integers u', 6' with S' even such that uS' — u'S = 1 and hence Ph{y) = {Is'u) matrix such that 
Ph{y){h{y)) = *oo- We can choose such a. S' G Z since S is odd. 

A calculation using matrix multiplication shows that Ph(y)T‘'Ph{y)~^ = (Hence, the 
smallest possible e to ensure C Fo(pg) is 

Example 24. Since det{ph{y) o h) = 2, hence t = ( ^ ° ) Ph{y) oh G SL2(K) and t{y) = ioo. A calculation 


using matrices shows that tT^'t ^ = 


ise = 2f. 


1 + 


e55' 


-e5^ 1--^ 


. Hence, the smallest possible e to ensure ^ C F 


We use the following lemma to construct differential forms of first kind on the ambient Riemann 
surface Ar — P+ ■ 

Lemma 25. Let f : X^^pq) <C be a rational function. The divisors of K{f) are supported on P+. 

Proof. Suppose / is a meromorphic function on the Riemann surface Xoijpq). Then it is given by ^ with 
g and h holomorphic function on the Riemann surface Xq (pq). Every element of P- is of the form F j- 
with 6 I N. By [Prop. 4.1, p. 44, [l^], every holomorphic map on Riemann surface locally looks like 


Consider the morphism tt' and the point on the modular curve F . The local coordinates around 
the point ro(p(7)0, Fo(p(7)oo and Fo(pg)- are given by qo{z) = ,qoo{z) = and qL{z) = 

z ^ g 

p'.-<i^+o respectively. In the modular curve Ar, the local coordinates around the points of P_ are 
given by qi{z) = , qj^{z) = , qi{z) = e^’^*2g{-p*+i) qi(z) = e^’^^^pc-pj+i) _ 

pq p q 

Now around the point FI and F — , we have the equalities qo o tt = qf, qQ o tt' = qf and, qj_ o tt = 

PQ pq 

2 / 4 

q\_ , q±_ O TT = . 

pq PQ pq 

Let y = j with 6 one of the prime p or q. The local coordinate chart around the point F 4 is 


o27rz 




. The map tt' takes it to e 


2771 


^Ph(x)('‘(^)) 


. For this coordinate chart the map tt' is given 


by 2 


We now consider the map tt and t = (?) is a matrix such that t{y) = ioo and e = ^. The local 


1 t-. ■ t{z) r\ ■ Z(Z) 

coordinate around the point Fy is z —>■ e and the map tt takes it to e . In this coordinate 

chart, the map tt is given by z —>■ Hence, the function has no zero or pole on P_. 


/ott' 


□ 


Definition 26. [Even Eisenstein elements] For En G Epg, let Ae„ : Xo(pq) —>■ C be the rational function 
whose logarithmic differential is 2TTiEj^{z)dz = 2TTiuiEM- Consider the rational function Xen.'z = ^Ae” oI' 
on Ar. By Lemma 1251 this function has no zeros and poles in P_. Let k*{uien) be the logarithmic 
differential of the function. Let (c) = ^^k*(u}En) be the corresponding “period” homomorphism 
Hi(Ar - P+,P-,Z) ^ Z. 
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By the non-degeneracy of the intersection pairing, there is a unique element € Hi (Xr — P- ,P+,^) 
such that ^En ° ^ “ ‘/’En(c) for all c G Hi(Xr — P+,P_,Z). The modular symbol even 

Eisenstein element corresponding to the Eisenstein series Ef^. 

For En G Epg, define a function Fejv ^ P^(Z/p(jfZ) —>• Z by 

PE^ig) = ‘PEn{^o{ 9)) = f [2ENiz) - En{ 't )\dz. 

JgW ^ 

Remark 27. It is easy to see that for any 7 = (“ ^) G T(2),hjh~^ = ^“2^° ^^2^ ^ g SL2(Z). 

For any matrix 7 G F, consider the rational number Pjv ( 7 ) = nE^ih'yh — ) ^ 

and 5 ( 7 ) = a + c. 

Lemma 28. For 7 = (“^) GF with c ^ Q, 

Pn{i) = S5'n(t(7))[2(5'(s(7), |t(7)lM) - 5'(s(7), |t(7)|)) 

-'S'(s(7), l^lw) + 5(5(7), 

In particular, PNil) G Z for all 7 G F. 


Proof. Recall the properties of period homomorphism [cf. Prop.[T3]. We calculate the corresponding 
periods 


»E»(7)=7e(T7t-')= 7EA(“r "‘“1:7;*'))=«»((“r "‘"t*;*'))=7^«((,;7„ *.)). 

By [cf. Prop. [13], we have 

- 1) + 12sgn(t(7))[(S'(s(7), |t(7)|fV) - 5(5(7), |i(7)|] 

Similarly, 

EEAh^h-^) = ^E„((“2t ) = ^E.(( 

= - 1) + 1255n(t(7))[5(5(7), ^at) _ s{s{j), ^))] 

Hence, we deduce the formula as in the statement. From the formula, it is easy to see that Pat(7) G Z 
for all 7 G P. □ 


Let X be one of the prime p or q. Choose integers 5, s' and I, I' such that l{skX + 2) — 2spq = 1 and 


l-\-Aspq 


-21 \ 


J X.K, I J 

and 72 ’ = ( _ 

k 


/'s, r — — 1 T,pt ..V . — 

( SkX zs ^ — i. net 7 ;^ — _4s(sj^3,_,_2)p,j i+4spq ) 

r. Since the integers I and I' are necessarily odd, we have 7i ’^( s^ 2,_|_2 
Using the formula of Lemma [28l we deduce that 


l+4s'^ -21 

4s'{sk)pq l+4s' 

I_) =_ I— 

) Sfca:+2 


' P£ I 

a; / 


be two matrices in 
and 72’^(^^) = — 

' ^ ^ SuX' SuX 


5(71’^) = 1 “ 4spg(l + Skx), t(7f’^) = -2(1 - 2s{skX + 2)pq) 


and 

5(7^^) = 1 - 4s'pg(sfc - ^),f(7r^) = “2(1' - 2s'skpq). 
We can now calculate Pa(7i’^), Pn( 72’^) using Lemma E51 
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Proposition 29. 


Fen (ff) = < 


12(5(r, N) - 2Sir, 2N)) ^f g = (r - l,r + 1), 

6(-Pa(7i’^) - Pn{ 12 '^)) if g={l + kx, 1 ) or g = (-1 - kx, 1 ), 
-Q{Pn ill’'") - Pn( 12 ’^)) ifg= {1,-1-kx) or g = {1,1+ kx), 


0 


if 9= (±1,1)- 


Proof. If g = (r — 1, r + 1) and En S Ep^, we get [ 14|, p. 18] 

Pen{ 9) = PE^{fo{9)) = 12{S{r,N) - 2S{r,2N)). 

We proceed to find the value of the integrals in the remaining cases. The differential form is of 

first kind on the Riemann surface Xp — P_|_. We also note that g = (±1, 1), (±1 ± kx, 1) or (1, ±1 ± kx) 

with X one of the prime p or q, then we can’t write it as (r — 1, r + 1). 

Since all the Fourier coefficients of the Eisenstein series are real valued, so an argument similar to 

[[IJ, p. 19] shows that FE^{skX + 1,1) = FE^{-SkX - 1,1). Consider the path = 

+ + 7^}- The rational number ^ correspond to a point of P_ in the 

Riemann surface Xr- The differential form k*ujEef has no zeros and poles on P_. We deduce that 

-1 -1 -1 


I k*{uJEM)= [ ^*(WE„)+ k*{u}EN)+ [ fc*(w£„) = 2P/v(sfca:+l, 1)+fc*(w£;^). 

and 72 ’*(—) = ——■ We 

' ^ ^ SL-X ' Sk-x 


Sf,x + 2 


si^x + 2 


Let 7 ^’* and 73 ’^ be two matrices in T such that 7 i’^( sfci+ 2 ) ~ 

x,fe/lN 

rT'i (tPUFs),., ^ rT2 (ttt) 


deduce that 2FN{skX + 1 , 1 ) = /_i_ 


afcX + 2 


-/_L. 


SfcX+2 

fc*(wE^)- 


We now prove that the f 1 k*{ojEN) is independent of the choice of the matrices 73 ’*^ G T that 


take — to —i—. If possible, 72 ’^ and be two matrices such that 72 ’^( —) = 7 ^ 2 ’^(~) = — 

SkX SkX sr : I z I z iz ^ SkX ^ ^ ^ SkX' SkX 

,fe ^ 1 ^ 

Since 73 ’ G T, the integral PEn{12' ) = f 1 P*{'^Em) is independent of the choice of any point 

3kX 

in HI U {—1}, hence by replacing ^ with ( 73 ’^)”^( 7 ^ 2 ’^) 7 ^: §6^ the above integral is same as 

f 1 k*{uJEjv) and the integral is independent of the choice of exceptional matrices. Similarly, 

we can prove that f 1 

—i-To to-TiUJ- Since we have already written down two matrices yf’ and jf' in T such that 

^ ^ and 72 ’*^( 7 ^) = “ 7 ^; '^0 nse these matrices to find those integrals. 


■k^ + 2/ 


fc*(wE„) is also independent of the choice of the matrices that take 


x,k/ 1 \ _ 

1 SI..X+2 1 t 


'■SkX+2/ SkX+2 ” '•SkX^ 

The above calculation shows that 


‘^EEn{1i'^) -'EEN{h'll’’"h ^) =2FN{skX+ 1,1) + 2TTEti{l2’^) -'EEN{hl2'"h ^)- 
Hence, we get 

- EEAhlT^h-^) - 2nE{j^P) + nE{h^^,’'^h-^) 


FE^{skX + l, 1) = 


= 6(P^(7"’'=)-PAr(72’"))- 


Since Pe„((1 + SkX, 1)) = —Pb„((1, —1 — Skx)), the above equation determine the Eisenstein elements 
for the Eisenstein series En completely. □ 
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From the above lemma, we conclude that 6FV(g) = FE^jig)- 

Lemma 30. For Em S E 2 {To{pq)), let us consider the element o/Hi(Xr — P_,P+,Z) defined by 
= Y.g&^(z/pqZ) For all c G Hi(Xr - P+,P_,Z), we have o c = ipem{c) 

Proof. By Theorem 1191 we write the even Eisenstein element uniquely as 

g&F^ZIpqZ) 

By loc. cit., [^Jo o [/i]° = 1 if and only if Fg = Th. The function Hen and Pejv coincide since F[en{9) = 
Egepi(zMz) o fo{g) = o ^ 0 ( 5 ) = Pe„(5)- □ 

For the modular curve Xr, we have a similar short exact sequence 

0 ^Hi(Xr-P_,Z) ^ Hi(Xr-P-,P+,Z) A Z^+ ^ Z ^ 0 . 

The boundary map takes a geodesic, joining the the point r and s of P+ to the formal symbol [r] — [s]. 

7 . Eisenstein elements and winding elements for ro(p(3') 

7.1. Eisenstein elements for ro(pg). We first prove an elementary number theoretic lemma. Recall, I 
and m are two unique integers such that Iq + mp = 1 (mod pq) with 1 < I < {p— 1 ) and 1 < m < {q—1). 

Lemma 31. For all k with 1 < k < {q — 1), we can choose an integer s{k) G (Z/gZ) such that 

{kp,-l) = {p,s{k)p- 1) 

in P^(Z/pgZ). The map k —>■ s{k) is a bijection {fLjcfilfi* —>■ (fL/qh) — {m}. 

Proof. For all k with 1 < k < (g— 1), let k' be the inverse of k in fiLjcfilfi* . By Chinese remainder theorem, 
we choose an unique x with 1 < x < (pg — 1) such that x = — 1 (mod p) and x = —k' (mod q). Observe 
that X is coprime to both p and q. We write x = s(fc)p—1 for an unique s(fc) with 0 < s(fc) < (g—1). Since 
ro(pg)\SL 2 (Z) = P^(Z/pgZ), we deduce that (fcp, —1) = (xfcp, —x) = (—p, —x) = (p,x) = {p,s{k)p— 1) 
in P^(Z/pgZ). 

Consider the map (fLjc(£)* —>■ ifLjcfild) given by fc —> s{k). If Iq + mp = 1 (mod pq) then m is not in 
the image of this map. This map is one-one since if s{k) = s{h) then k = h (mod g). Hence, the map 
ifLjqSfi* —>■ ifLIqSfi — {m} k — >■ s{k) is a bijection. □ 

For all t coprime to pq, consider the set V of all matrices of the form at. 

Proposition 32. The boundary of any element 

x= E ^^9)[gY 

gEV^{J.lpqTj 

in Hi(Xo(pg) — P U /, 9 (Xo(pg)), Z) is of the form 

Six) = H(X)[i] + BiX)[-] + C(X)[oo] - (H(X) -f P(X) + C(X)[ 0 ] 
p g 
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with 


and C{X) 


A{X) = - F{P,S)],BiX) = - ^( 7 , 5 )] 

k—0 i—0 


[F(0,1)-F(1,0)]. 


Proof. Choose an explicit coset representatives of ro(pg)\SL 2 (Z) (cf. Lemma[5]) and write 

q-l p-l 

X = CiX)[I]* + E i^(i,0Kr+E 

at^y k—1 k—1 

q-l p-l 

+'F^^p^^p~ + E-^(9,j9- 

z —0 j—0 

According to Lemma I5T] for 1 < fc < (g — 1), we have akpS = for some Z G To{pq). We deduce 

that 

q-l q-l q-l 

F(.h + E = E(^(l> M[afcp]* + F{kp,-l)[akpS]*) + F(/3„)[/3™]* 

k—1 i—0 k—1 

and 

p—1 P ~1 P ~1 

^F{l,kq)[akq]* + ^F{q,jq- l)[ 7 j]* = ^{F{1, kq)[akq]* + F{kq, -l)[akqS]*) + F{"fi)[ji]*. 
k—1 j—0 k—1 

A small check shows that <5([afep]*) = <5([ap]*) and ^([afcp]*) = —i5([afepS']*). 

We now calculate (5([/3m]*) and < 5 ([ 7 ;]*). Since Iq + mp = 1 (mod pq) and —I G ro(pg), so we get 

(7-1) ( iS(T-l) ) (^ P ) = 7/3^5 

and 

/ l-p(m+l) -l{m+l) \(m-l\_(-l -I t _ 

{l+m)pq l-mp(l+m) J \ q P t \ q -mp J Ih 

for some 7 G ro(p( 7 ) and hence we have To{pq)l3mS = 7 ;. From d([/3m]*) = <3([aq]* — [op]*) and 
'3([7i]*) = '3([ap]* — [oiq]*), it is easy to see that 

+E^(^'’3P- l)][/3,]*) = Y.^F{l,kp)-F{kp,-im[apY) + F{PMPmY). 

k—1 i=0 k—1 

and 

p—1 P ~1 P ~1 

F^F{q,jq- l)][ 7 j]*) = ^[F{l,kq) - F{kq,-l)]d{[aq]*) + F{q,lq - l)d{['yi]*). 
k—1 j—0 k—1 

F{p, mp - l)(5([/3^]*) + F{q, Iq - 1)(5([7z]*) = [F{Pm) - F(/3^5)](<5(K]*) - 5([ap]*)). 

Recall, (5([Q;p]*) = [0] — [i] and d([ag]*) = [0] — [i]. The above calculation shows that i5(A) = 
C{X)6{[I]*) + A{X)S{[ap]*) + B{X)S{[aq]*) with, A(A) = J2tj[F{p,kp-l)-F{kp-l,-p)], B{X) = 
J2^=o\-P"~ ^( 7 i' 3 ')] and C{X) = F{I) — F{S). We deduce the proposition. □ 

We also prove similar proposition for F C r(2). 
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Proposition 33. The boundary of any element 

X= Y. X{g)e[g) 

gdV^iT./pql) 

in Hi (Xp — P -, P +, Z) is of the form 

6°{X) = ^'(X)[i] + B'{X)[-] + C'(X)H - (H'(X) + B'{X) + C'(X)[0] 
p q 

with 

q—1 

A'iX) = - E nc^'kp)] - ni'il B'iX) = 

k—0 k—1 i—0 k—1 

andC'iX) = [FiOA)-Fia'J]. 

Proof. This is a straightforward calculation using the coset representatives of r\r(2) [cf. LemmafTH] . □ 

Proposition 34. For E G Epg, the boundaries of almost Eisenstein elements £e in RiiXoipq)-RU 
I,d{XQ(pq)),'Z) corresponding to the Eisenstein series E are —5(E) m- 

Proof. For E G Ep,, let = J2geP^{z/pqZ) FlE(g)[g]* be the almost Eisenstein element. According to 
Proposition [221 we need to calculate A(£'^), B(£'^) and C{£'^). 

For all 0 < fc < (g — 1), /3fcT = /3fc+i and (dq-iT = 7/?o with 7 = ^ We have an inclusion 

lli(Yo(pq),Z) lli(Yo(pq),RUl,Z). Since {p*, 7 p*} = {/3oP*, 7/3oP*} = -J^lZliPkP, PkP*}, we deduce 
that 

/•fzo 9—1 

7^e(7) = / E{z)dz = £'eO {zq, 7Z0} = -£'e ° = ~Y^e o {PkP.PkP*}- 

■^^0 fe=0 fc=0 

Applying Cor. [SI we have J2k=l^E ° {PkP.PkP*} = J2k=o[^E(Pk) - GEiPkS)] = -A(£'e). Hence, 

we prove that A(£e) = —TTEij). By interchanging p and q, we have B(£'e) = —ee('^o) for 7o = 
f i+p? p \ 

V -pY 1-9P / ■ I—I 

We now calculate tte('^) and 7rp;(7o) using [l^- Recall, ^ is a cusp with erg(pq)(^) = q. Consider the 
matrices x = (i^^^) and y = i^^p) respectively. One can easily check that x x~^ = 7 and 
y (qi) y~^ = 7o- Notice that a;(ioo) = ro(p(7)b and y{ioo) = ro{pq)k By [[t^; P- 524], we deduce that 
eeIi) = ero(p,)(i)ao(E[i]) and EE^^(ie) = ero(p5)(|)ao(F;[i]). 

According to Proposition 1321 the boundary of the almost Eisenstein element corresponding to an 
Eisenstein series E is 

^{^'e) = X{£'e)[^ + B(£'e)[-^ + C(i?^)[oo] — {A{£'e) + B(£'e) + C(£'E))\ff\ 

with A(£'e) = gao(A[i]), B(£'e) = paQ(E[^]) and C{£'e) = -[F{I) - E(S')]. Applying Cor. [6] again, we 
deduce that that F{I) — F(S) = E(z)dz = —ao(E). For E G £’2(ro(p?)), the boundary of E is 

5(E) = a,(E)([^] - [0]) + <zao(A[i])([i] - [0]) + pao(£;[i])([i] - [0]) = 5(£'e). 

□ 
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Let P and h be the matrices (J f) and (J 2 ) respectively. Let 

T, : Hi (Xr - P-, P+, Z) ^ Hi (Xq {pq) - P U /, a(Xo {pq)), Z) 

be the isomorphism defined by 7r,(^o(5)) = [ 5 ]* [[i3j !]■ is easy to see that <5(7r*(X)) = i5°(X) for 

all X G Hi {Xr - P-, P+, Z) 

Proposition 35. For all E G Ep^, let 8^ he the even Eisenstein element in Hi(Xr — P_,P+,Z) /§ 0^. 
The boundary of the modular symbol is —6S{E). 

Proof. By Theorem 12, we explicitly write down the even Eisenstein element in the relative homology 
group Hi (Xr — P-, P+^Ia) as 

£e= E Fe{9)U9)- 

gGPi(Z/P9Z) 

According to Proposition 19, we need to calculate A'(f^), P'(f£.) and C'{£^). For 0 < k < {q — 2), we 
have P'j^P = ,5^+2 ■ A small check shows that P'q_iP = P'l and /3q_2/5 = I'P'o with 


. ^ l+2p9(l+g) 2q \ 

I \ -2q{p+pqp l-2pq{l+q) J 


>' = (: 


G r. 


As a homology class in Hi(Xr — P+, P_, Z), we have 

q-l q-l 

{-i,y(-i)} = {p',[-iup',{-i)} = -E{/3Ui),/?U-i)} = E{/3 U-i),/3Ui)}- 

By the definition of the even Eisenstein elements, we conclude that 

r "" k*{cvE) = £% o {^o.y^o} = -£% o (E(/3U1),/3U-1)) = - E^^ o {/?U1),/3U-1)}- 

•^^0 k=0 k=0 

It is easy to see that hASBh~^ G SL 2 (Z) for all A,B G r(2). Since [a'i.^S] = in P^(Z/pgZ), so 

E'' = S ro(pg) and hK'h~^ G ro(pg). We deduce that the differential form 


k*{u}E) = f{z)dz = [2E{z) - 


is invariant under k'. According to the above argument. 


(7.2) 


FE{a'kq) = 


L(-i) 




f{z)dz = 


1,5(1) 


“1,5(-1) 


f{z)dz = - 


1,5(-1) 


f(z)dz 


r>^' ^“l,5(-i) _ ^ /■7l(fe)(-i) 


Pl(,)(i) 


“1,5(1) 
f{z)dz = -PB(7^(fe))- 


f{K'z)dK,'z = — f 

“''"'"^“1,5(1) 

A similar calculation shows that Fe{Yi) — ~d^E{P'm) FE{akp) = —FE{Ps(k)) for some s{k) G {XlqlPj* 
Applying Theorem llSl we have 

p'f' 1^0 

Y.^^((^k)=J2^E°{l3k{^),f3'k{-i)} = - k*{ojE). 

k=0 k=0 •'^0 

According to the definition of the period tte of the Eisenstein series E{z) [cf. Section 3], we get 

f-r'zo p'zo 1 I 1 

/ k*{uJE)= [2E{z)--E{^)]dz = 2nE{Y)-Mhl'h-^). 

Jzn Jzn ^ ^ 
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We calculate and TVEihj'h ^). From[271 it is easy to see that h"f'h ^ 


^ 1+2 qv 

V = (1 — p{\ + q)) and z = 2pqv{l + q). Furthermore, the matrix h'y'h~^ decomposes as 

} fi g) ( i-p{i+q) 

. -2p{l+q) l+p(l+9) 

-1 


l-pil + q) Silpl y 

, -2p(l+g) l+p(l+g) J 


V_2p(i+,) i+p(i+9); u ii y 

Since the matrix 'j takes the cusp ioo to i, we have = oanfFll-l). We 

V-2p(l+g) l+p(l+g) / ^ p’ -C.\ / ; y UV IplJ 

further decompose j' as 

{ 1 -2g \(12q\f 1 -2g 

+p(l+9) l+2p9(l+9) y VO 1 / l^-p(l+<?) l+2p9(l+ij) J 

The matrix ^p(i+g) iE 2 pq{i+q)^ takes the cusp ioo to K We deduce that iTEi'y') = ‘2qao{E[^]) and 
Izo = 3ao(F'[^]). A simple calculation shows that 


9-1 


9-1 


9-1 


A, 


A'{£%) = -Y.PE{aip) - FE{yj =2Y,FEW'k) = -6ao{F[-]). 

k—0 k—0 k—0 

By interchanging p and q, we obtain B'{£^) = —6ao(£’[|]). Since a'^^S € Foipq), a calculation similar 
to Equation 17.21 shows that 

/•-i 1 z + 1 r^(-F I z + 1 

Fe(I) = -FEiap,) = [2F{z) - -E{^)]dz = -J ^ [2F{z) - -E{^)]dz = -3ao{F), 

we conclude that C"(f^) = [Fe{I) — FE^apq)] = —6ao(E) and hence = —GS{E). □ 

The inclusion map i : (Xoipq) — RU I,d{Xo{pq)) {Xo{pq),d{Xo(j)q)) induces an onto map i* : 
Hi(Ao(pq) - RU I,d{Xo{pq),Z) Hi(Ao(pg),5(Xo(pg)),Z) with i,([g]*) = ^{g). Note that ^([ 5 ]*) = 
b-0] — [g.oo] = S'{^{g)) = (^'(A([5]*))- From [S I3.4| . we have S(c) = (5'(A(c)) for all homology class 
c e Hi(Ao(pg) - RU I, d{Xo{pq),Z). 

Lemma 36. The integrals of every holomorphic differential on Xo^pq) over itt{£'^) and o,fe 


Proof. A straightforward generalization of [ , Lemma 5]. 

We now prove the main Theorem [T] of this article. 


□ 


Proof. By [[l2|, Cor. 3], we obtain it.{£’^) o c = £’^oi*c = it^{E{z)dz). Hence, is the Eisenstein 

element inside the space of modular symbols corresponding to E. By ProDOsition l34l and l351 the boundary 
of 7r,y^) is same as the boundary of 6A(f^). 

There is a non-degenerate bilinear pairing S' 2 (ro(p(?)) x Hi(Ao(p( 7 ), R) —^ C given by (/, c) = y f{z)dz. 
Hence, the integrals of the holomorphic differentials over Hi ( Aq {pq ), Z) are not always zero. By LemmalHSl 
the integrals of every holomorphic differentials over i*{£’E) and z*(7r*(£^)) are always zero. We deduce 
that 

FE{g)f{g)- 


Se — — — 

D O 


E 


for E G Epq. Since FN{g) = hFEfj{g), we obtain the theorem. 


□ 
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7.2. The winding elements of level pq. Recall the concept of the winding element. 

Definition 37. [Winding elements] Let {0,c»} denote the projection of the path from 0 to oo in 
EIUP^(Q) to Xo{pq){C). We have an isomorphism Hi(Xo(pq),Z) = Homc(H°(Xo(pq), C). Let 
Bpq £ Hi(Xo(pg),M) corresponds to the homomorphism w —>■ — w. The modular symbol Cpq is called 
the winding element. 


The winding elements are the elements of the space of modular symbols whose annihilators define 
ideals of the Hecke algebras with the L-functions of the corresponding quotients of the Jacobian non-zero. 
In this paper, we found an explicit expression of the winding element. Let Cpq £ Hi(Xo(pg),Z) (8) R be 
the winding element. The following proposition help us to write down the winding element explicitly. 
Since E (^ro{pq))ix)a-oiE[x]) = 0, we write 

x^diXo (pq)) 

S{E) = ao{E){{oo} - {0}) + qao{E[^]){{^} - {0}) + pao(L;[i])({i} - {0}). 

Lemma 38. The constant Fourier coejficients of Epq at cusps 0, ^ and oo are 0, 0 and 

respectively. 


Proof. We first prove that the constant coefficient for the Fourier expansion of Epq at the cusp ^ is 0. 
As usual, the constant term of the Fourier expansion of Epq at the cusp ^ is the constant term at oo 
of EpqlPo]. Similarly, the constant term of the Fourier expansion of Epq at the cusp ^ is the constant 
term at oo of Epq[yo]. Let A be the Ramanujan’s cusp form of weight 12. We write ^ log A(/3(2;)) = 


l2-f \og{pz + l) -h ^logA(z) for {3 = 


1 0 
p 1 


. A simple calculation shows that 


A(^) = A(| 
pz + 1 ' 


- u: 


pz) = 


A( 


q -1 
1 0 





By taking logarithmic derivative, we deduce that 

,pz -1-1. d, . ,pz +1 , 

' -) = 12—log(pz-t 1)-t — logA(-). 

q dz dz q 

Since Epq{z) = log ^ , the above calculation shows that the constant term of Epq at the cusp 
^ is 0. Similarly, the constant term of Epq at the cusp | is 0. The constant term of Epq is at the 
cusp 00 and at 0. □ 


Using Lemma [351 and Lemma [ 


we write 


Corollary 39. 


{l-pq)epq^ ^ Fp,((l,x)){0,i}. 
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DEBARGHA BANERJEE AND SRILAKSHMI KRISHNAMOORTY 


Remark 40. For the Eisenstein series Ep G E 2 (To{p)), ^ represents the cusp oo and ^ represents the 
cusp 0. We deduce that ao(Ep[/3o]) = and ao(Ep[ 7 o]) = For the other Eisenstein series Eg G 
£^2 (ho( 9 )), - represents the cusp 00 and - represents the cusp 0. We deduce that ao(ii^q[7o]) = ^ 5 ^ and 
MEgifio]) = 
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